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Abstract

For a quite general class of gravity mass flow models we show how to apply well-known
methods of differential geometry to formulate the basic balance equations for mass and
momentum in a curvilinear coordinate system. This approach does not require the strong
assumption that the curvature radius is much larger than the typical flow length scale;
it has to be larger than the flow depth, however. We find that the general structure of
the depth-averaged balance equations does not change radically: Effects induced by the
curvature of the bed surface, such as centrifugal forces, appear mostly as source terms and
do not spoil the conservation properties of the balance equations. For several frequently
used rheological assumptions, we discuss their formulation in general coordinate systems.
In a numerical implementation of such models, flow-depth-dependent geometric factors
need to be evaluated at each mesh point and each timestep. For two particular choices of
coordinates we determine the metric tensor and the Christoffel symbols and show how to

evaluate the geometric factors in an efficient way.
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1 Introduction

Most subaerial and many subaqueous gravity mass flows (GMFs) such as submarine slides,
pyroclastic flows, rock avalanches, debris flows and snow avalanches take place in complex
topography that strongly influences the path chosen by the flow. For example, small
hummocks or shallow stream beds may strongly deflect or channelize the relatively slow
dense-flow part of snow avalanches while the dilute, deep suspension layer (“powder snow
cloud”) is much less affected and continues along a nearly straight trajectory; similar
effects occur in pyroclastic flows and submarine debris flows where dilute suspension
layers develop that may follow different trajectories. The dominant, velocity-independent
effect of terrain topography on mass flows is the variable strength and direction of the
slope-parallel projection of the gravitational force. In addition, terrain curvature leads
to centrifugal (pseudo-)forces that increase or diminish the bed-normal stresses and also
Coulomb-type frictional forces in dense flows. A comparison of various avalanche flow
models on the basis of avalanche measurements from the Norwegian test site at Ryggfonn
indicated that the extra friction in bends, e. g. at the foot of a dam, shortens the runout
distance by 20-50 m.

Three-dimensional flow simulation codes intrinsically take into account centrifugal
forces. However, the vast majority of GMF models in practical use today are depth-
averaged codes because they require almost two orders of magnitude less computing re-
sources (memory and time). Consistent derivation of these models from the fundamental
equations of fluid mechanics requires either the use of curvilinear coordinates or extra
care in the treatment of the out-of-surface dimension. In the first approach, derivatives
are replaced by covariant derivatives, which lead to extra terms that are found to contain
the centrifugal forces, among others. In practice, most models disregard these effects
and only take into account the slope-angle dependence of the down-slope and bed-normal
components of the gravitational acceleration.

Probably the first paper including curvature effects is due to [1]. In a series of papers,
Hutter and coworkers [2, 3, and references therein| used curvilinear coordinates consis-

tently and developed a scaling analysis for granular gravity mass flows that allowed them
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to drop most curvature-related terms in a controlled way. To do so, they assumed the
flows to be shallow, with the ratio e = H/L of the typical flow depth and length or width
of order 1072. Various assumptions can be made for the ratio of the typical path curvature
radius R and flow length. Hutter and coworkers assume L/R ~ €'/? and then are entitled
to neglect all curvature effects except the centrifugal force if they keep terms up to order
€. However, in many practical cases this ordering may not be fulfilled: Avalanches or
debris flows in narrow gullies may be characterized by € ~ 0.1 and L/R ~ O(1) or even
O(e7%/?). Similarly, avalanches from open slopes may encounter curvature radii of the
order of 10-50 m when they hit the bottom of a V-shaped valley.

Therefore our objective is to formulate a general depth-averaged GMF model in curvi-
linear coordinates adapted to the mountain slope. In order to avoid unnecessary compli-
cations, we assume that the surface z = 0 coincides with the terrain, that the z-coordinate
has a constant scale throughout the considered domain, and that erosion is sufficiently
slow and smooth so that the geometric quantities may be considered time-independent.
We will show that the resulting expressions, even though necessarily complex, do not
strongly affect the structure of the code. However, geometrical coefficients that depend
on the flow depth and the vertical profiles of the dynamical fields have to be evaluated
at every time step and for every grid point. These computations should therefore be
designed to be as efficient as possible.

We shall not address the complex task of creating suitable computational meshes here,
but assume that the models use a quadrangular (structured) surface mesh. However, for
two particular choices of coordinates that may be of interest in practical applications we
elaborate explicit expressions for the metric tensor and the Christoffel symbols. They dif-
fer widely in complexity and the effort needed for creating a grid, but also in the expected
quality of the meshes. It remains to be seen in the course of model implementation and
testing which of these options is preferable.

In order to make this paper accessible to potential model developers and users with-
out extensive theoretical background, the most important issues in depth averaging in a

Cartesian coordinate system are reviewed in Sect. 2, and Sect. 3 summarizes the main
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concepts from differential geometry used in Sect. 4. Section 5 contains a brief discussion
on how to extend some of the popular rheological models to three dimensions so that they
can be used in this context. After drawing conclusions from our work, Sect. 6 discusses
similarities and differences with recent similar work. For ease of reading, tables of coef-
ficients appearing in the balance equations of mass and momentum are collected in the

Appendices A and B for two particular types of coordinate system.

2 Depth-averaging in Cartesian coordinates

This section serves to establish the notation and provide the starting point for the gen-
eralization of the conservation equations from Cartesian to curvilinear coordinates. We
consider a fairly general system that comprises most models presently in practical use.
However, for simplicity, we will limit ourselves to a single moving layer; the extension to
multi-layer models is straightforward.

In a Cartesian coordinate system, the local balance laws for the mass and the momen-

tum of a fluid of variable density, p, are written in conservative form as®
op +0s(pu’) =0, (1)

oi(pu”) + 05 (pulu’) = 0;(a) + pGT . (2)

u!, 0!’ and G! are the velocity, stress tensor and gravitational acceleration, respectively.

For the latter we use a capital letter to distinguish it from the metric tensor, to be in-
troduced below. We use the Einstein summation convention throughout, i.e., repeated
indices are to be summed over unless they are set between parentheses. Note that lower
(covariant) and upper (contravariant) indices are distinguished for vector and tensor com-
ponents in anticipation of the transformation to curvilinear coordinates.

For slender flows over a plane surface at Z = 0 it is often sufficient for practical pur-

poses to calculate the mean values of the field variables across the flow depth h(X,Y,t),

a)Partial derivatives with respect to ¢ or z* are denoted by 9; = % and 0; = %, respectively. Capital
letters for the indices indicate that they refer to a Cartesian coordinate system.
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e.g., p(X,Y,t) = (1/h(X,Y,1)) f; p(X,Y, Z,t)dZ where b(X,Y,t) and s(X,Y,t) are the
Z-coordinates of the bed and flow surfaces, respectively, and the flow depth is given
by h(X,Y,t) = s(X,Y,t) — b(X,Y,t). The field equations for the depth-averaged fields
can be obtained from the local field equations (1) and (2) by integrating them over the
Z-direction, taking account of the X and Y dependence of the boundaries when inter-

changing differentiation and integration. From the mass balance we obtain

O,(hp) + Or(hpu") = p(s)[0ps + u'(s)0rs — u?(s)]

—p(b)[0yb + u" (b)Orb — u? (b)]. (3)

Greek indices run over the in-plane coordinates X and Y only, and the dependence of
the fields on X, Y and ¢ has been suppressed for easier reading. On the right-hand side,
the terms in square brackets are due to the variability of the integration limits and the

integration of dz(pu?) over Z. Kinematic boundary conditions apply at both boundaries:

p(s7) [0 + ¥ (57)0xs — (7))
= ps%) [Ohs + u* (s)0xs —u?(s7)| = qu. (4)
p(6%) [0+ ¥ (6)0xh — u? (")

= p(b7) [Orb+u (b7)dxb — u?(b7)] = —qb. (5)

qs and ¢, are the net entrainment rates at the top and bottom surface, respectively;
superscript signs indicate whether an interface is to be approached from above (+) or

below (—). So we finally arrive at
0i(hp) + O (hpu') = gy + gs. (6)

a' is the density-weighted (Favre) average of the velocity:

T T ez
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The depth integration of the momentum balance is carried out along the same lines

and yields

Oy(hpu') 4 O /S pulu dZ
b
= hpG" + 0x(he™) + p(s)u’ (s)qs + p(b)u’ (b)gy

+ (077 (s) = 0" (s)0s) — ("% (b) — o™ (b)Oab) . (8)
The second term on the left-hand side can be expressed in terms of averaged fields as
/bs pu'u’ dZ = d,pu’a’, (9)
where the Boussinesq coefficients are defined by
(s pdZ) (Jy pu'u’ d2)

= 7 u® dz) (g pu d2) (10)

and the notation d, anticipates an extra assumption that makes them the same for all
tensor components, see below. To evaluate them, one assumes that the velocity profile
has approximately the same shape everywhere in space and time, and similarly for the
density, i. e.,

p(X,Y, Z,t) = [, (()p(X, Y1), (11)
uH(X,Y, Z,1) =~ f,(O)a' (X, Y1), (12)

where ¢ = (Z —b)/h, 0 < ¢ <1 and it has been assumed that the shape of the velocity
profile is the same for both tangential components. The following normalization conditions

are imposed:

[ n@dc=1. [ HOf@dc=1 (13)

Later on, the vertical profiles of the stresses will also be needed:

o (XY, Z,t) = £, (X,Y,1), (14)
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with

[ a¢ydc =1. (15)

Equation (8) simplifies considerably if the upper surface is assumed to be stress-free and
material (¢s = 0), if the material entrained at the bottom enters the flow at zero velocity,
and if Jxb can be neglected. With these approximations, the momentum balance finally

takes the form
Oy (hpul) + Op(dypuu™) = hpG' 4 05 (ha'™) — olZ. (16)

Subscripts b and s will from now on denote quantities evaluated at the bed and the upper

surface, respectively.

3 Curvilinear coordinate systems

3.1 Basic notions of differential geometry

We are concerned here with a curved two-dimensional surface (the terrain) embedded in
flat Euclidean three-dimensional space. Thus, the metric tensor in space can be obtained
from the unit tensor by means of a coordinate transformation. Before we apply depth
averaging, we work in a 3D space bounded by a curved (2D) surface. After depth averag-
ing, no more explicit reference is made to the 3D space and we have to deal with a theory
on an intrinsically curved 2D manifold. This means that the 2D metric tensor cannot be
obtained from the 2D unit tensor by a coordinate transformation.

A fundamental role is played by the three tangent vectors (the so-called local frame)
e;(r) = Or/0z' to the (curvilinear) coordinate lines z*, i = 1,2,3, at each point r in

b)

space®. The metric tensor is obtained from the scalar products of the local frame:

gij(r) = e;(r) - e;(r). (17)

) In order to clearly distinguish (the location of) a space point from the coordinates, we designate the
space location by r and the coordinates by x" here.
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Under coordinate transformations, x* = z%(2"), the local frame transforms covariantly

according to
ei(r) = Or  Or 0z o Oz
N 9xt 0xf 9xt U Ot

(18)

Since a vector v(r) = vi(r)e;(r) = v (r)e

"(r) is unchanged under coordinate transforma-

tions, its contravariant components transform as

v'(r) = v (r)

(r). (19)

ox"

In tensors, each covariant (lower-index) component transforms according to (18) and each
contravariant (upper-index) one according to (19).

The change of a scalar-valued function f(r) between two infinitesimally distant points
r and r + dr is calculated in a curvilinear coordinate system as in the Cartesian case:
df = f(r+dr) — f(r) = 9,f(r)dz’. However, the components of a vector or tensor-valued

function refer to different local frames at the two points, thus one finds

dv(r) =v(r +dr) — v(r)
= v'(r +dr)e;(r +dr) — v'(r)e;(r)
= [vi(r) + 9;v'(r)da?][e;(r) + Ope;s(r)da’] — vi(r)e;(r)

= 9;0'(r)e;(r)dx? + v'(r)0;e;(r)da’. (20)

Since the e;(r) span the local tangent space at r, their derivatives must be expressible as

linear combinations of the e;:
0;e,(r) = 0,0;r = Ffj (r)eg(r). (21)

The connection coefficients (or Christoffel symbols) Ffj(r) are thus symmetric with respect
to their two lower indices. They can be computed from the metric tensor, g;;, and its

inverse, g/, by suitably permuting indices in (21) and combining the resulting expressions:

T = ¢ (Ongir + Digrs — Orgir.)- (22)
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The covariant derivative of (the contravariant components of) a vector is defined through

the relation

Dy’ = (810; + I v, (23)

where the Kronecker delta is 1 if both indices are equal and 0 otherwise. Proceeding in

the same way for a second-rank tensor, one gets
DyT7 = (88 590, + 63T+ 68 T )T™" (24)
The covariant derivative of the covariant components of a vector turns out to be
Dyv; = (5;?8,- — Ffj)vk. (25)

An infinitesimal volume element in the curvilinear system is spanned by the local

frame {e;(r), ex(r), e3(r)}; its volume is

dV = e - (92 X 83) d$1d$2dl’3

— et (gg) e = olr) . (26)

The covariant divergence of a vector can be shown to be
V9

Finally, the covariant divergence of a symmetric second-rank tensor S¥ = S7¢ will be

needed (e.g., for the stress tensor o*):

D;S7 = 0,87 4+ 1%, 5% +T7,5%
1 . , )
_ ﬁﬁj (VgS7) + 7,57, (28)
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Figure 1: Schematic representation of the coordinate system obtained by vertically pro-
jecting a regular grid in the X-Y-plane onto the bed surface and extending it into space
along a fixed z-direction (coinciding with the Z-direction in the figure). Only one cell of
the flow is shown.

3.2 Physical vs. covariant vector and tensor components

Among the dynamical variables of the model, the density p is a scalar, the gravitational
acceleration G = G'e; and the velocity u = @'e; are vectors whereas the stress o = ¢/ ee;
is a symmetric second-rank tensor. There is a small but important point to notice: Con-
travariant vector and tensor components transform in the same way as differentials; they
measure the size of the vector (or tensor) in a specific direction in terms of the local,
direction-dependent “ruler” specified by corresponding local frame vector e; or, equiva-
lently, the metric. Thus, a velocity component of 17 ¢-units per second at a given location
will not usually be the same physical velocity as 17 5 or k-units per second at the same
point, nor will it be the same as 17 i-units per second at another location. However, when
specifying initial conditions and material properties or analyzing simulation results, we

have to use physical components G*, u’, 0 defined by

G = (i) G Gy = gt éz

i N

U = \/Gai)u
o = \/9a9Gs) 7 o = /99l Gy

The parentheses around the repeated indices indicate that no summation is implied. Note

or w = /gl (29)

that neither G%, u*, 0" nor G;, w;, 0;; transform as tensors.
s ; ’ s Uij
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3.3 Particular coordinate systems

Before proceeding to depth-integrate the balance equations, we briefly consider the sim-
plifications afforded by special coordinate systems. g;; can be made independent of z if
S, is obtained by translating Sy by the distance z along a fixed direction n, independent
of  and y. Considering that topographical (or bathymetric) data is most often available
as altitude (depth) values Z,,,, = Z(X,,,Y,) over a horizontal rectangular grid in the
X-Y plane with constant mesh widths AX, AY, we let the coordinate lines y = cst.
and x = cst. be the intersections of the X-Z and Y-Z planes with Sy, see Fig. 1. The
orientation of the tangent plane at a point on Sy can be characterized by the inclination

angles 0, , in the X and Y-directions, respectively. The metric tensor takes the form

1+ tan®0, tanf,tanf, tanf,
(9ij) = | tané,tanf, 1+tan’6, tanb, (30)

tan @, tand, 1

and has unit determinant. The corresponding connection coefficients are listed in Ap-
pendix A.
Another simplifying choice is to set the z-direction everywhere perpendicular to the

bed surface, with constant scale along that direction. The metric tensor then has the

form
g g1z 0
(9i5) = | g1 g2 O | (31)
0 0 1

where the four components gi1, gi2 = ¢g21 and gas depend on x = 2%, y = 2% and 2 = 3.

The surfaces z = cst. are parallel to the bed in the sense that the tangent plane at (xo, yo, 2)
is parallel to the tangent plane at (zo,yo,0). Given the metric tensor g;;(z,y,0), what is
Gij(z,y, 2)?

Let the bed surface Sy be described by the points ro(x,y). A family of parallel surfaces

S., 0 < z < Ruyin (Rmin being the minimum radius of curvature in Sp) is defined with the
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help of the unit normal vectors n on Sp:

r(x,y,z) =ro(z,y) + zn(z, y). (32)

The metric tensor in a point on S, can be expressed as

gij(ﬂf,y,z) :8ir(xay7z> -@-r(x,y,z). (33)
We obtain the tangent vectors to the coordinate directions:

ei(xv Y, Z) = 81‘[1'0(1’, y) + ZH(CL’, y)] (34)

= (1 — (57;3)[87;1'0(1', ’y) + z@in(x, ’y)] + 5i3n(x, y) (35)

With e = 9,ro(z,y), a = 1,2, the partial derivatives of the unit normal vector are
expressible as J,n(z,y) = caﬁ(x,y)eg])(az,y) and d,n(x,y) = 0. If the metric tensor on
So is written as
0
9 (x,y) = gij(2,y,0)

= (1 —14di3)(1—dj3) ego)(ﬂ%y) : e§°) (z,y) + 6i3;3, (36)
the metric tensor away from the bed surface takes the form

0
gii(2,y,2) = 9 (2.y) + (1 = Gia) (1 — 0j3) X (37)
X (zcjng(,S) + zcikgj(-g) + ZQCikcjkgj(.g)) .
If we choose orthogonal coordinates on Sy so that the metric tensor is diagonal, Equa-
tion (37) shows that this property is not generally preserved above Sy: The 2x2-matrix
co” has to be diagonal as well, implying that ;! and cy? are the negative curvatures —k

of normal sections of Sy. Thus we may write dn = —k;2dr. Rodrigues’ theorem then

leads to the conclusion that such coordinate lines are curvature lines and ;o are indeed
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the principal curvatures on Sy. In this case, the metric tensor takes the explicit form

A%(1 — Ky2)? 0 0
(9ij) = 0 B2(1—ky2)? 0 |- (38)
0 0 1

A(z,y) and B(z,y) are two functions on the bed surface that describe the spatial depen-
dence of the length scales in the x and y-directions. In these coordinates, almost half of
the Christoffel symbols vanish identically, see Appendix B for the explicit expressions for
the F;k It is furthermore possible to assign ¥ = 0 to one x-line, e.g. the thalweg, and
to impose A(z,0) = 1 along this line. Similarly, B(xg,y) = 1 can be imposed along one

selected y-line.

3.4 Computation of geometric quantities from a digital terrain

model

In practical applications of GMF models, the terrain is given by a digital terrain model
(DTM), usually in the form of a regular grid of altitude values. The task of reading
these values, interpolating them as necessary to set the nodes of the mesh, computing all
the required geometrical information, and passing it to the flow code in an appropriately
formatted file will usually be assigned to a separate grid generator program. The flow
solver code needs information on the topology (i.e., which cells touch a given cell), on
the side lengths of the cells, their inclination, the curvature along the coordinate lines
and the Christoffel symbols. In addition, the initial conditions for the flow at each grid
node (typically the release height, the depth of entrainable bed material and the physical
properties of the flow and bed material, such as density, yield strength, friction param-
eters, etc.) have to be set after suitable interpolation. Grid generation has become a
computational discipline in its own, and even an elementary treatment of this topic is
far beyond the scope of this paper. We limit ourselves to outlining the basic steps of a
method for constructing a coordinate system consisting of curvature lines from a DTM.

In the first step, the basis vectors forming the local frame are approximated using the
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node points. Assume a regular quadrangular grid with cell edges along the coordinate
lines x = x! = cst. and y = 2% = cst., respectively, and nodes labeled by (m,n), where
the integers m,n are at the same time the node coordinates in “computational” space.

The local frame may be defined by the relations

1
el<rm,n) = i(rm%»l,n_rmfl,n);
1
eQ(I'm,n) - i(rm,n—ﬁ-l_rm,n—l)a <39>

€1 (rm,n) X e2(rm,n)
|el (rm,n) X eQ(rm,nN

€3 (rm,n)

With the help of e, the coordinate system can be extended into space according to
Eq. (32). This immediately allows calculation of the metric tensor and its determinant at
the grid points according to Eq. (17). Calculation of the connection coefficients requires
an additional finite differencing step. If changes of the metric due to erosion or deposition
of bed material are neglected, all geometrical information can be computed before the
flow simulation and stored in memory.

The second step approximates the derivatives 0,0sr with «, 5 € {x,y} again by finite
differences and obtains the coefficients L,3 = n - d,e of the Second Fundamental Form
of Sp at the grid nodes. In the third step, the principal curvatures s, » at the grid nodes

are computed from the equation

k%9 — K(g11Laa — 2g12L1a + gaaLny) + det Lyg = 0. (40)

In step four, we insert x; and ko in the linear system

(L1 — Kag11)® 4+ (L12 — Kag12)y" = 0, (41)

(Li2 = Kag12)2" + (Loo — Kag22)y = 0,
for each node. Non-trivial solutions (z/,v]) and (x5, y5) are found that are the directions
of the curvature lines corresponding to the principal curvatures. The fifth step interpo-

lates the principal curvatures and corresponding directions between grid nodes. Linear
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interpolation should be sufficient, but higher-order spline interpolation may give smoother
results. In this way, two continuous and mutually orthogonal direction fields are obtained
on Sp.

In the sixth step, the curvature lines are found by numerically integrating the ordinary
differential equations characterized by these direction fields. One may begin, e.g., at a
point on a thalweg and evolve the coordinate line 7 = 0 from there, setting grid points at
the desired characteristic grid spacing (the grid spacing is not uniform in such a coordinate
system). Then one of these grid points is singled out and the orthogonal coordinate line
¢ = 0 is computed analogously. Next the lines n = nAn and £ = mAE are obtained,
starting from the corresponding grid point on £ = 0 or n = 0. The intersections of these
lines mark all the grid points (m,n). Their locations are expressed in terms of the original
three-dimensional Cartesian coordinate system. In the last step, the metric tensor and

the Christoffel symbols are computed in terms of the new (£, 7) coordinates.

4 Depth averaging in curvilinear coordinates

4.1 3D equations in curvilinear coordinates

The balance equations for mass and momentum in their usual formulation do not trans-
form as a scalar and a vector, respectively, under a general change of coordinates. The
reason is that the ordinary derivative of a vector is not a second-rank tensor. However,
if ordinary derivatives are replaced by covariant ones, the modified balance equations
transform consistently as a scalar and a vector, respectively, and reduce to the original
equations if the coordinate system is Cartesian. The three-dimensional balance equations

for mass and momentum now read

1 i
p + ﬁ&» (vapi') =0, (42)

i 1 i i ik
Oe(pa’) + ﬁaj (\/ﬁpu uj) + T pt’



D. Issler: Depth-averaged flow models on arbitrarily curved topography 15

1

V9

0; (Vgo) + Ty + pG' . (43)

As we disregard the effect of erosion on the geometry, the factor y/g(x) is constant in time
at each location. If we multiply these equations by it, they immediately take on their

(apparently) conservative form, i.e., the flux terms appear as a pure divergence:

0, (vap) + 0: (Vapi') = 0., (44)

0 (vari') +0; (Valpu'e — 7))
= VG =T Ja(pid i — 67%). (45)

Note that the terms containing Christoffel symbols have the structure of source terms.

4.2 Depth integration

We start with the mass balance equation (44) and integrate it along z from the bed at

b(z,y,t) to the flow surface at s(z,y,t), interchanging the derivatives and the integral:

Oy /b S\/ﬁpdz + 04 /b s\/gpleadz
= - [V ) - 8z - i (2)0.2)] (46)

b

Quantities evaluated at the bed or the upper flow surface carry the subscript indices b
or s, respectively. The index a = 1,2 stands for the velocity components parallel to the
terrain surface. The terms generated by the interchange of the derivatives and the integral
combine with the boundary terms from the z-component of the divergence to expressions
that may be identified with the entrainment rate from the bed and the suspension rate

into the ambient fluid, respectively [4].
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If we define weighted averages® by

.g(I?yat) = }L(;y,t)/l)s\/g(x,y,z)dz, (47)

)i :!7y7 Z
h)(x7y7 ) g(x’y7 )

XAS\/g(m, y,z) p(x,y, z,t)dz, (48)

Wy t) = ! Y (49)

W, y, )\ 3(z,y,t) plx,y,t)

X ) x,y,2) ple,y, z,t)u*(x,y, z,t)dz
/b\/g(y)p(y )i (z,y, z,t)

and the entrainment rate at the bottom and the suspension rate at the top surface,

Qb(l‘7 Y, t) - Pb(fﬂa Y, t) Ug(I, Y, t) - atb - ﬂ?aab )

QS(xy Y, t) = pS(xv Y, t) Ug(% Y, t) - 8t5 - ﬂgaocs ) (50)

the mass-balance equation can be written in the form

O, (\/ﬁhp) + O, (\/Ehﬁﬁa) = /G 4e — /95 Gs - (51)

The factor /g captures the fact that flow “slices” are no longer prisms if there is surface
curvature; as (47) shows, hy/g is the volume of such a slice. Similarly, the factor /gy
appearing with ¢. expresses the dependence of the mass growth on the entrainment rate
per unit area and the area of the bed surface element. (Due to our choice of a coordinate
system with g;. = d;., v/9v 1s both the content of the volume element and the area of the

surface element at the bed.)

©)The dependence on the parameters is spelled out explicitly in this formula. Throughout the rest

of the paper, abbreviated notation will be used where no confusion is expected to arise. As earlier,

2l =x,22=vy.
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We proceed analogously for the momentum balance and obtain

0r (Vahot') + 8o [Vh (buypit @ — 5]
= VG (57— 5°0,5) — v (57 — 57°0ub)
Ghp G - Vs G50 + /Gb Qi

—VGhTy, [b o0 0 = b7, 67%] d. (52)

Further weighted averages were defined as

Fii = \/1511 [ V@i e)z, (53)

G = @lhp [ VoG, (54)

I, = \/%h /bs\/g(iz)Fj-k(z)dz. (55)

Boussinesq coefficients have to be introduced not only for the advective momentum flux

but also for the terms containing connection coefficients:

by — (Jy Vgpu'i dz) (f;/gp d2')

; ; 56
(s Vapid=") (J; /3o d:") (56)
o BVEpnVald) (5VGpdz)
(5.78) (fbs\/ﬁpa(j)dz;;) (fbs\/ﬁﬂﬂ(k)dzd
v o
fzf\/ﬁFE})k) dzg
52 (fbs\/ﬁréké(jk)dz) (Ji\/gdz") 8)

S0 (VT Gd=") (s VG oud=")
Note that they do not transform as tensors. As discussed in Section 2, these expressions
become meaningful only when vertical profile functions f,(¢), f.(¢) and f,({) are specified
for the fields so that the integrals can be evaluated approximately without solving the

entire flow problem first. The z-dependence of /g and F;k is determined by the geometry
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of the bed surface and the choice of coordinate system, as discussed in Section 3.3. The
next section will consider how to compute these coefficients in practice.

The first main result from Eqs. (51) and (52) is that the depth-integrated balance laws
of mass and momentum can be written in explicit conservation form, which is important
for numerical models that are to render shock phenomena. The distortion of the volume
and surface elements is captured by the ubiquitous factors /g and /g, or |/gs, respec-
tively. Additional effects of terrain curvature are embodied in (depth-integrated) source
terms proportional to the connection coefficients.

The first three lines of Eq. (52) contain the terms that also appear in a Cartesian
coordinate system when the bed and top surface are inclined relative to the z-y coordinate
plane. They are modified only for the curvature effects on the volume of flow slices and on
the spatial weighting embodied in the Boussinesq coefficients. The first term in brackets
on the second line vanishes if one assumes a stress-free upper flow surface. The last
term on the third line vanishes for the tangential components z, y if there is no slip
(g = 0). This term vanishes altogether if the bed material is at rest when it is eroded
so that the flow gains no momentum by entraining bed material [4, 5]. We will ignore
both the entrainment and the suspension terms in the following. The last line represents
further curvature effects, which are schematically explained in Fig. 2 for the 2D case.
The first term in the bracket reduces to the centrifugal pseudo-force for the z-component,
proportional to the curvature and the velocity squared. The longitudinal stresses o** and
o also contribute to the bed-normal stress because their direction of action at both ends
of an infinitesimal volume element is different from the bed-parallel direction at the center
section of the element. Similarly, the shear stresses 0**and o*¥ acting at the faces of the
volume element have longitudinal components relative to the local frame at the center
section.

The centrifugal force, which may give rise to additional or reduced friction in bends,
has been included in a variety of published models, but the additional normal force from
the longitudinal stresses and longitudinal force from the shear stresses seems to have

been neglected in all models known to us. With the exception of [1, 2, 3| and related
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|
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i’{’(x—dx/2) ' ° leresiay
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088" (x+dx/2)

Figure 2: Longitudinal section of flow, showing the forces acting on an (infinitesimal)
slice. The local reference frames at the center (x-z), the rear (2’-z') and the front (x”-2")
are indicated. It is seen that o, (z — dx/2) and ogr.»(x + dx/2) have non-canceling
components in the z-direction while 0,0,, contributes to the force normal to the bed.

publications by those authors, no explicit derivation of the curvature-related terms or
justification of their omission are usually found in the literature. Hutter and coworkers
introduced an explicit scaling analysis that shows which terms are of leading order if
specific assumptions are made concerning the ratio of curvature radii to characteristic flow
dimensions. Note, however, that the assumptions made by [3]| leave only the centrifugal
force due to curvature and velocity in the direction of the thalweg whereas the present

treatment also includes effects of the lateral movement. Indeed, if x is the main flow

direction, u¥ < u” is often compensated by k, > k, in channeled flows.

4.3 Evaluation of geometric weight factors

The equations (51) and (52) are esthetically pleasing and highlight the conservation prop-
erties that are important for shock-capturing numerical schemes. However, use of co-
variant velocity and stress components makes physical interpretation of the results of a
calculation cumbersome, and particularly Eq. (49) is not well suited for numerical im-
plementation. We revert therefore to physical components u' and ¢ and abandon the

requirement that the averaged fields p, 4° and 6% appearing in the equations must rep-
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resent weighted averages. They merely represent reference values that allow us to obtain
the local field values with the help of the respective profile functions. If the normalization
conditions [y £,(¢)d¢ = [y f»({)d¢ = 1 are maintained, p and 6% will be close to the
weighted averages where bed curvature is small. The same condition may be imposed on
fu(€), but if the density profile is not uniform, Favre averaging with f; Fo(Q) fu(Q)d¢ =1
may be considered instead.

In such a framework the depth-integrated mass balance, Eq. (46), and an analogous

equation for momentum can be cast into the form

O (dy/Gohp) + Oa (d57\/Ghpit™) = /Gt (59)

00 (d)Jahpic) + D [y/aoh (d5) pica® — di) 5]

= Y\ /@hpG' — Jah (Clyppida* — Diyo7*)

—d /6" + /g (d) 6" — A5 Duh) (60)
If a metric of the form (38) is assumed, the coefficients di, ..., ds and Cj;, D}, are found
to be
1
di = [ (1= rehQ)(1 = 1,hO) £,()dC, (61)
1—ryh(
dgm) 1 9
- [ IAGIAGLS (62)
dgy) 0 1—rzh¢
9y
1—ryh( 1
s T—rahC o)
1
& | =[] uve | B8R0 (63)
d(yy) l_ﬁxhCL

1—kyh( szi]
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d(ﬁm)

1-kyh( 1

1=rah( o)

1
& | =[] e |6

=17 | s

- f0(0)7

= fa(l)a

1—ryh¢ T% ()
1—kzh¢ g<b>

rxT

e | = [ T | R0R2

Trxr

Di

zy

%
Dyy

1—rgh¢ Thy(€)

1 —Ry h¢ gflb;

1—ryh¢ TE, (O
1—kzh( g(b)

TT

- /O1 I (O/VG | FQdC

1—ryh géby)
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(64)

(65)

(66)

(67)

(68)

(70)

These are 24 expressions—17 of which are integrals—that have to be evaluated once

for each timestep and computational grid point. For the computer code to be practically

usable, the integrals must allow closed-form evaluation, preferably in terms of polynomials

that can be computed very efficiently. This is essentially the case if curvature-line coordi-
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nates are used and the profile functions are polynomials, see the expressions listed in the
Appendix B. (Integrands containing denominators 1 — k, ,hC lead to logarithmic terms
that may be approximated by the first few terms of a Taylor series thanks to x, ,h < 1.)
All coefficients dy, ..., ds, Cjk, D;k are thus expressible as polynomials in the flow depth A
with spatially varying but time-independent coefficients that can be computed and stored
before the time evolution of the system is computed.

An additional complication is implied by the curvilinear coordinates: Solving the
balance equations does not immediately give the time evolution of the flow depth, but
of the quantity d;(h)h (assuming fixed density for simplicity here), which is a non-linear
function of h. However, thanks to the stipulated smallness of x, ,h, di(h)h can be solved
for h in a few simple iterations. (This problem does not occur in the coordinate system

with uniform z-direction, see Appendix A.)

5 Constitutive equations in curvilinear coordinates

Formulating the constitutive equations in curvilinear coordinates is in many cases more
than just a mathematical task because many of the currently popular models for GMFs
do not completely specify material behavior. Often, only the shear stress is prescribed
in terms of dynamical variables while e. g. hydrostatic pressure distribution is assumed
for the normal stresses. When differential expressions in Cartesian coordinates relating
normal stresses at neighboring points are transformed to curvilinear coordinates, they
couple shear stresses to normal stresses. Therefore a consistent rheological formulation of
the entire stress tensor must be given. The aim of the following brief discussions, mainly

taken from [6, 7], is not completeness but to give a glimpse of the issues involved.

5.1 Newtonian fluids

The relation valid in Cartesian coordinates is

1
0ij = —pdij + 1 Dy + 24 (Dij - 3Dkk5ij> )
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where p is the pressure, u the (shear) viscosity, i/ the bulk viscosity connected to volume

changes, and the symmetric part of the deformation rate tensor is defined as

Dij = ((%”LLZ + @u])

DN | —

It is easily adapted to curvilinear coordinates,
<ij ij 17y k_ij 2 L ko
0" = —pg” + W' Di"g" + 20 (DY — 2 Di"g” ), (71)

if covariant derivatives are used in the expression for the deformation rate:

. 1 . .
D;; = 3 (Dj<gikuk) + Di(gjkuk)>

1 3

We used the fact that the covariant derivative of the metric tensor vanishes in any co-
ordinate system if the space is Euclidean (in our case, it is E?). Note that covariant

components of the velocity are used in (72), not physical ones.

5.2 Visco-plastic fluids — the Bingham rheology
Models based on the Bingham rheology like BING [8] specify the relationship between
the shear rate 0,u and the downslope shear stress 7 by

d.u=0 it |7 <71, (73)

T = sgn(0,u)r, + ppd,u  otherwise
and assume hydrostatic longitudinal (and lateral) stresses. 7, is the yield strength below
which the material behaves as a solid, up is the (Bingham) viscosity. If the von Mises

failure criterion, stating that the material yields if the deviatoric stress exceeds a critical
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value, is applied (73) can be generalized to

D =0 if \/I(5) <7,
y Dii L 74
g9 =1, + 2up D" otherwise (74)
(D)

where the second invariant of a second-rank tensor 7% is given by
. 1 o 1 9
buvzzcﬁa)—gaﬂn>. (75)
See [6, Chap. 7| for a discussion and references to the original papers.

5.3 Dry friction — the Mohr—Coulomb yield criterion

A completely satisfactory extension of the simple Mohr—Coulomb yield criterion for plane

shear,

T = o, tan @, (76)

with 7 and o, the shear and normal stresses, respectively, and ¢ the friction angle, has
not been found. If the plastic flow rule satisfies the coaxiality principle stating that the
deformation rate tensor has the same principal axes as the excess shear stress tensor,
unlimited dilation of the material is predicted if shear stress exceeding the limit given
by (76) is applied (see [7] for a brief discussion). Arguments have been given [9] why
coaxiality should not hold in sheared granular materials, but the resulting theory cannot
be formulated in terms of tensor invariants in three dimensions.

If one is willing to accept one or the other of these shortcomings, one of the simplest
invariant formulations uses the mean stress, I1(0)/3 = Tro/3, and the deviatoric part of
the deformation rate, D'V = DY — ¢ I,(D)/3, and analogously for the stress tensor:

DY =0 if I,(6) < $1,(5) tan ¢
(77)

i — %]1((7) tan ¢ DIUD) otherwise.
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5.4 Granular fluids with dispersive pressure

[10] presented an extension of the Norem-Irgens-Schieldrop model [11], which in turn
combines the Criminale-Ericksen—Filbey rheology with Mohr-Coulomb plastic behavior
including cohesion. While the model shares the difficulties of the Mohr-Coulomb yield
criterion mentioned above, it provides a simple of way of incorporating the effect of
intergranular collisions that may lead to fluidization of the flow. Irgens’ constitutive laws
are manifestly invariant under rotations and can be easily modified to become invariant

under general coordinate transformations:

59 = —(pu+pe)g? + 2(7, + petan )y DY
+20p3" " D+ p(2411 — 4pun)y" 2Dl D (78)

—pmy" (DY = WD + DLW — puzy”g.

p. and p. are the pore and effective pressures, respectively. The latter is the negative
stress transmitted across the granular skeleton; p. = 0 indicates the transition between
the dense (quasi-static/frictional) and the partially or fully fluidized (collisional /grain-
inertia) flow regimes. The measure of shear is defined by 4 = /8I5(D). The exponent n
takes the value 2 for “classical” granular flows. Besides the deformation rate tensor, the

vorticity tensor is also needed. Because of the anti-symmetry of W% and the symmetry

of I‘;k in 7, k, the connection terms cancel:

§ L. §
VVij = (Djﬂi — Dlu]) = 5(0]1% — 8Z'Uj). <79>

DN | —

6 Discussion

We briefly compare our approach and results with recent or parallel work that also aimed
at formulating gravity mass flows on general surfaces, and attempt to estimate the order

of magnitude of the curvature effects that are revealed by our geometric analysis.
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6.1 Comparison with similar work

As far as we are aware, all models that include geometric effects beyond centrifugal forces
are concerned with extending the Savage-Hutter model or a variant thereof, but much
of the formalism can be carried over to other constitutive equations once the latter have
been formulated in a coordinate-independent way, as discussed in Sect. 5.

[12] base their work on a reference surface that captures the curvature in the longi-
tudinal direction only, and superpose a shallow, more detailed bed surface model over it,
neglecting its curvature. Their model is therefore in principle restricted to mildly curved
open slopes. They apply differential geometry and tensor calculus in a similar way as the
present paper. In order to treat flows in gullies, [13] use a so-called master curve, which
can be viewed as the curved centerline of a generalized surface of revolution, with the
thalweg as generatrix. Again the detailed topography is modeled by means of a super-
posed surface function. Ordering assumptions for the curvatures and velocities derived
from a scaling analysis suppress all curvature effects in the resulting equations except for
centrifugal effects due to the thalweg curvature. They appear questionable, however, in
narrow gullies where the transverse curvature often is an order of magnitude larger than
the longitudinal one. Difficulties are expected to arise in the transition from a gully to
an alluvial fan where the transverse curvature changes sign.

A number of authors have chosen to work with the bed surface directly. [14] use an
Earth-oriented Cartesian X-Y-Z system. The usual hydrostatic assumption for the verti-
cal Z-direction is not justified and vertical acceleration has to be taken into account; this
corresponds to the centrifugal force terms in bed-surface-fitted coordinates (BSFC). Their
method has the advantage of avoiding the conceptual and computational effort connected
with the use of BSFC, but is at a disadvantage at very steep slopes and abrupt slope-angle
changes. In contrast, [15]% start their analysis using techniques of tensorial calculus and
differential geometry similar to ours. However, when deriving the stress tensor according

to the Mohr-Coulomb failure criterion, they switch to a Cartesian coordinate system ori-

dThe author thanks K. Hutter for drawing the papers [15, 16] to his attention, and I. Luca and
Y.-C. Tai for sending him a preprint of their paper “Non-Cartesian, topography based boundary layer
equations and approximations of gravity driven flows of ideal and viscous fluids”, submitted to Math.
Mod. Meth. Appl. Sci..
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Figure 3: Schematic representation of a stopping dam for snow avalanches, indicating the
relevant variables mentioned in the text.

ented along the instantaneous local flow direction to approximate plane shear flow in the
x-z-plane. The stress tensor is then transformed to the Earth-oriented Cartesian system
and the equations of motion are finally written in non-conservative form in that system.
As in the original implementation of the Savage-Hutter model, their Lagrangean scheme
experiences stability problems where shocks form.

[16] were the first to treat BSFC on a general curved surface, even though they often
refer back to the velocity components in an Earth-oriented Cartesian system. As they do
not avail themselves of the notational elegance of tensor calculus and do not explicitly
mention the metric tensor, equivalent formulations in terms of contravariant vs. covari-
ant components are derived with considerable effort. They treat a number of different
approximations and show how the Navier—-Stokes equations for low viscosity result in a
model of the Savage-Hutter type if Coulomb bed friction is assumed. Their results are
reproduced in the mentioned preprint by Luca and Tai, who use more transparent nota-
tion from differential geometry and tensor calculus and consider more general power-law

velocity profiles. They do not, however, treat issues of practical implementation.

6.2 Order-of-magnitude estimates of curvature effects

The most important curvature effect is the increase or decrease of the frictional shear
stress due to centrifugal forces experienced by a mass flowing along a curved trajectory.
As a practically relevant example we consider snow avalanches flowing over a 16 m high
dam at the avalanche test site Ryggfonn in Norway [17], see Fig. 3. It is easy to show that
the dam has no effect on the runout distance of a mass subjected only to Coulombian
dry friction forces with friction coefficient p if centrifugal effects are neglected. The latter
increase friction in the bends at the foot of the dam and reduce it at the crown. The

velocity being higher at the foot, the net effect is enhanced friction. If we assume all
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deflection angles to be equal (v & 40°), the loss of specific kinetic energy across the dam

can be estimated as

AE =~ 4ugha(l — po —2p*a?®) = (2...3)ugh (80)

and shortens the runout distance of the avalanche by 2-3 dam heights, i.e., by 30-50 m
in this case.

At abrupt slope changes with curvature x, the shape of slices perpendicular to the
flow direction deviates significantly from prismatic (see Fig. 2. Accordingly, for a given
mass in a cell the actual flow height A, differs from h, the one obtained for a cell without
curvature, by a factor h,/ho = 1+ %/@ho. In a tortuous, narrow channel with comparable
curvature also in the transverse direction this factor may in rare cases lie outside the
range [0.9, 1.1]. The increased or decreased flow height in the bends will locally increase
or decrease the dry friction and the earth pressure gradient and so influence the flow
dynamics to some degree. However, in most applications this effect can safely be neglected
because the centrifugal effects on the friction are much stronger. The correction to the
flow height also influences the mean velocity in the slice and thus indirectly the centrifugal
effects, but this is masked by the deviation of the velocity profile in the bend from its
assumed equilibrium shape, which is not accounted for in depth-averaged models.

Another effect of curvature is indicated in Fig. 2: Longitudinal and shear stresses at
the cell boundaries contribute to the bed-normal stress and the longitudinal force on the
cell, respectively. The appropriate scale for the stresses being pgh, the resulting forces per
unit mass are of the order of xkgh, i.e., typically 0.1 g or less. Again, they may be safely
neglected in many cases of practical interest, but it may be advisable to include them in

very rugged topography as this can be achieved with moderate effort.

7 Conclusions

The main result of the present investigation is that the effects of complicated bed topog-

raphy can be included in a consistent and transparent fashion in depth-averaged GMF
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models if methods of classical differential geometry are applied. It is not necessary to
require the curvature radii of the bed surface to be much larger than the length of the
flow—it is sufficient for them to be significantly larger than the flow depth. One of the
physical effects following naturally from the geometric formulation is the centrifugal force
that has been included in a few of the previously published models; it can be practically
important in sharp bends or in flows over obstacles through extra friction generated by
an increased bed-normal stress.

The price to pay for enhanced applicability and accuracy of the models is a host of
new terms involving the metric tensor and the connection coefficients derived from it.
However, we have shown how to maintain a conservation formulation and to minimize the
effort needed in computing the geometric coefficients appearing in flux and source terms.
Even though they are time-dependent, evaluation of simple polynomials of the flow depth
(with coefficients computed in the preprocessing phase) is sufficient.

There is a wide choice of coordinate systems, with their specific advantages and dis-
advantages with respect to the number of geometric terms in the equations and the com-
plexity of mesh generation. Practical considerations will favor specific choices, and rec-
ommendations can be made once wide experience from real-world applications has been

gained.
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A Connection coefficients and geometric weight factors
in a coordinate system with parallel z-coordinate
lines

If the bed topography is given by a digital terrain model consisting of altitude values
over a quadratic grid, the simplest coordinate system to construct projects the X and Y
coordinate lines of the three-dimensional Cartesian system onto the bed surface and takes
the z-coordinate parallel to the Z-coordinate, with uniform spacing. The corresponding
metric is given in Eq. (30). For ease of notation, we set p = tan6,, ¢ = tan6, and
1 = Oyp — 0,q in the following. The z-independence of the metric propagates to the
connection coefficients and makes 9 out of 27 vanish. Calculating the coefficients dy, ...,
dg and Cjk, ;k becomes very simple because all geometrical factors can be taken outside
the integrals.

Using the contravariant metric tensor

-p —q¢ 1+p*+¢

the connection coefficients listed in Eq. (82) are obtained. The weight factors in the mass

and momentum balance equations are collected in Table 2.
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Table 1: Connection coefficients for coordinate system with uniform z-direction.
F%l = F%3 = Fél = leas = F%Q = Fg:s = F§2 = F§3 = ng =0
=Ty = %pQ
F%2 = ¢2

F%BZF%)Q = 30

F%l = —pf2

F%2 = F%l = —%qQ (82)
ng = F§1 = _%Q

It = 0up + pgf

I3,=T3 = Y1-p+)0p+ 3(1+p*—¢*)0ug

Fil))?) = Fgl = % q<2
'3, = 0yq — pq
[5,=T5 = —%pQ

Table 2: Geometry-dependent coefficients of flux and source terms for a coordinate system
with uniform z-direction. The C%, and D, are symmetric in the lower indices; coefficients
with index combinations that cannot be obtained from those listed below by transposition
of lower indices are zero.

A= \/Yuz B = /gy, Vg =AB,
M= [ HORQd  P= [ HORQ. (83)

dy =1 (84)
& =M/A, &= M/B (85)

dj* = PJA%,  di' = P/(AB),  dY = P/B? (86)
A =1/42, 4% =1/(AB), d¥=1/B’ (87)
ds=1/A,  d5=1/B (88)

dg = f,(0)/A,  dj = £,(0)/B (89)

di = f,(1)/A, &= [,(1)/B (90)

-1 @ o1 o1
P NP A1) P )
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B Connection coefficients and geometric weight factors
in a coordinate system of curvature lines

For reference, Eq. (92) lists the Christoffel symbols (connection coefficients) in the special
curvilinear coordinate system that is given by the metric tensor (38). The z-lines are
straight lines perpendicular to the bed surface (z = 0), and the scale is constant along
them. The z and y coordinate lines at z = 0 are the directions of the two principal
curvatures on the bed surface, k1 2(x,y) = Ky y(x,y). The z, y and z lines are everywhere
orthogonal to each other. As the covariant metric tensor g% is also diagonal, the general
formula (22) specializes to 'y, = $9%(0;gir + Okgji — igjr) (no summation over 7).

In the following we assume that the non-dimensionalized profile functions are the same
for all components of the velocity vector and the stress tensor, respectively. Straightfor-
ward calculations lead to the results collected in Table 4; note that the right-hand sides
are expressed in terms of physical components. Also, use is made of the normalization
conditions for the profile functions. The resulting expressions are expanded in powers
of kzh or kyh since these are assumed to be small quantities; in real-world situations,
expansion up to the second power will be sufficient. In a similar way, the source terms
containing connection coefficients are computed and expanded to second order in x, ,h,
see Eqgs. (103)—(112).

The decisive point is that all terms can be expressed through the averaged fields with
geometric weight factors that may be approximated as polynomials of the flow depth with
spatially varying but time-independent coefficients. These can be computed beforehand
and stored in memory. In this way, the extra computational effort over models that neglect

these curvature effects is moderate.
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Table 3: Connection coefficients for coordinate system of curvature lines.

1
Fll
1 _ 11
1—‘12 - 1—‘21
1 _ 711
1—113 - F31
1
F22
1 _ 711
F23 - F32
1
1133
2
1—‘11
2 _ 12
F12 - F21
2 _ 12
1—113 - 1—‘31
2
I-‘22
2 _ 12
F23 - I‘32
2
1—‘33

%911(31911 + 01911 — O1g11)

0, A B 2 OpKy

A 1 — Kez
%911(31921 + 02911 — 01912)
0y A B 2 Oyky

A 1 — k2

%911(31913 + 03911 — 01G13)

Kz

1 — k2

%911((92912 + 02921 — 01022)

= %91131911

= %91132911

= 59115’3911

= —591131922

B(1 — ky2) ? 2O0sky
A(l — ky2) 1 — Ky
%911(32913 + 03921 — 01G23)

%911(83913 + 03931 — O1933)

%922(31921 + 01912 — 02011)

(92)
= —%92282911

A(l — Rp2) 2 2 Oyky B
B(1 — ky2) 1— kK2
%922(31922 + 02012 — 02012)

0,B 2 Opky
B I — kyz

%922(81923 + 03912 — 02013)

5922(82922 + 02G22 — 02G22)
OB z0yky
B 1 —kyz

%922(82923 + 03922 — 02023)

Ry

1 —kyz

%922(33923 + 03932 — 02033)

0,4
A

= %92231922

=0

= %92252922

= %92233922
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3
1—‘11
3 _ 13
F12 - F21
3 13
1—‘13 - F31
3
F22
3 _ 13
F23 - F32
3
F33

Table 3: (Continued from preceding page.)

= 1¢%(01951 + O1g13 — D3911)
= A*(1 — Kp2)ka

= 19%(01932 + Oogrs — D312)
- %g33(81933 + 03913 — 03013)
= 39%(D2g32 + 02923 — D3922)
= B*(1 — ky2)k,

= 39%(Dagss + 3903 — D3903)

= %933(33933 + 03933 — 03933)

—%93383911

0

- %933(93922

34

(93)
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35

Table 4: Geometry-dependent flux and source terms. The C%, and D’ are symmetric
in the lower indices; coefficients with index combinations that cannot be obtained from
those listed below by transposition of lower indices are zero. Signs of approximate equality
indicate that the Taylor series was truncated after the quadratic term in xzh or K, h.

iEliy//{w, A= gg(gl;’,;), BE@, Vo = AB,
=[ 00 &)e (V)= mone( )

/)
(%)—AM«M%O(%)@, (7)=[r0(& )

di =1 — (kg + Ky)hI + Iixliyh2j

1 1
d5 = (M = r,hN), &= 5 (M — K;hN)

1 1
d¥ = —[P + k,h(1 —7)Q + (kzh)*(1 — )R], d3! = —P,
= 1P Rah(L = 1)Q + (sah)2 (1~ 1) B N
1
dyY = 58P+ kyh(1 = 5)Q + (k,h)*(1 — s)R]
1 1
d¥ = —[1+ k h(1 — )T + (kh)*(1 — r)U], dy? = —,
T (R
1
dy¥ = E[l + ki, h(1 — 8)T + (k,h)*(1 — s)U]
. 1 s 1
d5 = Z(l — /{yh_[), d5 = E(]_ — /{th)
| s 1
d6 = Zfa(o)a d6 = Efa(o)
. 1=Kyl 1—k.h
d? = Ay fg<1), dg: B fa(l)
1 1-—ryh 1 11-—«k.h
Tr _ 1 ry _ T 1 vy _ 1
d8 A21 —Htha( )7 d8 \/%fﬂ'( )7 d8 B21 — K}yhfa( )
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